THE POLYHEDRAL PRODUCT FUNCTOR: A METHOD OF 
COMPUTATION FOR MOMENT-ANGLE COMPLEXES, 
ARRANGEMENTS AND RELATED SPACES 



A. BAHRI, M. BENDERSKY, F. R. COHEN, AND S. GITLER 

Abstract. This article gives a natural decomposition of the suspension of generalized 
moment-angle complexes or partial product spaces which arise as polyhedral product functors 
described below. 

In the special case of the complements of certain subspace arrangements, the geomet- 
rical decomposition implies the homological decomposition in Goresky-MacPherson pO] . 
Hochster|22j. Baskakov [3], Panov 06], and Buchstaber-Panov [7j. Since the splitting is 
geometric, an analogous homological decomposition for a generalized moment-angle com- 
plex applies for any homology theory. This decomposition gives an additive decomposition 
for the Stanley-Rcisner ring of a finite simplicial complex and generalizations of certain ho- 
motopy theoretic results of Porter [39| and Ganea T9] . The spirit of the work here follows 
that of Denham-Suciu in 1161 . 



1. Introduction 

Spaces which now are called (generalized) moment-angle complexes , have been studied by 
topologists since the 1960's thesis of G. Porter [39]. In the 1970's E. B. Vinberg |35] and in 
the late 1980's S. Lopez de Medrano developed some of their features [30|. In seminal work 
during the early 1990's, M. Davis and J. Januszkiewicz introduced quasi-toric manifolds, a 
topological generalization of projective toric varieties which were being studied intensively 
by algebraic geometers [I2j. They observed that every quasi-toric manifold is the quotient 
of a moment-angle complex by the free action of a real torus. The moment-angle complex 
is denoted Z{K; {D^,S^)). 

The integral cohomology of the spaces Z{K] {D'^, S^)) has been studied by Goresky- 
MacPherson [20], Hochster [22], Baskakov [3|, Panov [36j, Buchstaber-Panov [7] and Franz 
[T71 [T8] . Among others who have worked extensively on generalized moment-angle complexes 
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are Notbohm-Ray |35|, Grbic-Theriault [21], Strickland [13] and Kamiyama-Tsukuda [27J. 
The direction of this paper is guided by the development in elegant work of Denham-Suciu 

Among the results given here is a natural decomposition for the suspension of the general- 
ized moment-angle complex, the value of the suspension of the "polyhedral product functor" . 
Since the decomposition is geometric, an analogous homological decomposition for a gen- 
eralized moment-angle complex applies for any homology theory. This last decomposition 
specializes to the homological decompositions in the work of several authors cited above. 
Furthermore, this decomposition gives an additive decomposition for the Stanley-Reisner 
ring of a finite simplicial complex extended to other natural settings and which arises from 
generalizations of certain homotopy theoretic results of Porter [39] and Ganea [19]. Ex- 
tensions of these structures to a simplicial setting as well as to the structure of ordered, 
commuting n-tuples in a Lie group G are given in [1]. 

Generalized moment-angle complexes are given by functors determined by simplicial com- 
plexes with values given by subspaces of products of topological spaces. Thus, these may be 
regarded as "polyhedral product functors" indexed by abstract simplicial complexes, termi- 
nology for which the authors thank Bill Browder (also the inventor of the name "orbifold"). 
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2. Statement of results 



In this article, a polyhedron is defined to be the geometric realization of a simplicial 
complex. Generalized moment-angle complexes can be be regarded loosely as a functor 
from simplicial complexes with values given by subspaces of products of topological spaces. 
Thus these may be regarded as "polyhedral product functors". Generalized moment-angle 
complexes are defined next. 

(1) Let (X, A) = {{Xi, Ai, Xi)^^} denote a set of triples of CVF-complexes with base- 
point Xi in Ai. 

(2) Let K denote an abstract simplicial complex with m vertices labeled by the set 

[m] = {1,2,..., m}. Thus, a (A; — l)-simplex cr of X is given by an ordered sequence 

a = (ii, . . . ,ik) with 1 < ii < . . . < ik < m such that if r C o", then r is a simplex of 
K. In particular the empty set is a subset of a and so it is in K. The set [m] is 
minimal in the sense that every i e [m] belongs to at least one simplex. The length 
of of (T = /c is denoted \a\. 

(3) Let A[m — l]g denote the g-skeleton of (m — l)-simplex having m vertices. That is, 
A[m — l]g denotes the subsets of [m] of cardinality at most q + 1. 

Define two functors from the category K of simplicial complexes with morphisms simplicial 
maps to the category CW^ of connected, based Cl^-complexes and based continuous maps 



Definition 2.1. As above, let (X, A) denote the collection {{Xi, Ai,Xi)}^i. 

The generalized moment- angle complex or polyhedral product functor determined by (X, ^4) 

and K denoted 



as follows. 



Z{K; {X,A)) 



is defined using the functor 



D : K 



as follows: For every a in K, let 




with ^(0) = AiX ...xA^. 

The generalized moment-angle complex is 



Z{K; {X,A)) - IJ D{a) - colimD((j) 
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where the cohm is defined by the inclusions, dcr^r with a G t and D{a) is topologized as 
a subspace of the product Xi x . . . x Xm- The generalized pointed moment-angle is the 
underlying space Z{K; {2^, A)) with base-point * = (xi, . . . ,Xm) G Z{K; (X, A)). 

Note that the definition of Z{K;{J^,A)) did not require spaces to be either based or 
CW complexes. In the special case where = X and Ai = A for all 1 < i < m, it is 
convenient to denote the generalized moment- angle complex by Z{K; {X, A)) to coincide 
with the notation in [T6] . 

The smash product 

Xi A X2 A . . . A X„ 

is given by the quotient space (Xi x . . . x Xm)/S{Xi x . . . x X^) where 5'(Xi x . . . x X^) 
is the subspace of the product with at least one coordinate given by the base-point Xj G Xj. 
Spaces analogous to generalized moment-angle complexes are given next where products of 
spaces are replaced by smash products, a setting in which base-points are required. 

Definition 2.2. Given a generalized pointed-moment-angle complex Z{K] (X, A)) obtained 
from (X, A, *), the generalized smash moment-angle complex 

Z{K- (X,A)) 

is defined to be the image of Z{K; (X, A)) in the smash product Xi A X2 A . . . A X^. 
The image of D{a) in Z{K; (X, A)) is denoted by D{a) and is 

Yl^Y2^...^Y^ 

where 




Xi if i G cr 

Ai if z G [m] — (J. 



As in the case of Z{K; (X, A)), note that Z[K] (X, A)) is the colimit obtained from the 
spaces D{a) with D{a) n D{t) = D{a n r). 

Remark 2.3. The constructions Z(K; fX, A)) and Z(K; (X, A)) are bifunctors, natural for 
morphisms of (X, A) as well as (X, A, *), and for injections in K. 

The next example provides an elementary case of a moment-angle complex together with 
an associated toric manifold. 

Example 2.4. Let K denote the simplicial complex given by {{1}, {2},0} with 

(X„A,) = for 2 = 1,2, 

and let K' denote an arbitrary simplicial complex with m vertices. 
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(1) The first example is 

(X„A,) = (D2",52"-1) for z = l,2 
wliere is tlie 2n-disk and S*^""^ is its boundary spliere. Tlien 
Z{K; (D^", S^""-^)) = D^'' X ^^"-i U 5^"-^ X D^" 

Witll tlie boundary of x gj^g^^ ^p2n ^ /)2n) ^ ^2n X 52n-l y ^2n-l ^ /)2n 

SO ^2n-l)) _ ^4n-l^ 

(2) The second example is (Xi,Ai) = (D^ S^) and (Xa.Aa) = Then 

Z{K; {X,A)) = X S^U X = S\ 

(3) The third example exhibits the connection to toric manifolds where K' is a simpli- 
cial complex with m vertices. Regard (D^", S*^""^) as a pair of subspaces of C" in 
the standard way with the standard S^-action restricting to an action on the pair 
p2n^^2n-i)_ Thus T*" acts ou (D^n^ 52n-i^ ^ _ Specialize to fsT' = fsT. Notice 
that the diagonal subgroup A{T^) acts freely on Z{K; (D^", ^2n^i)) = ^4n-i ^Yieie 
the quotient space S'^"~^/A(T™') is CP^"~^, complex projective space of dimension 
(2n - 1). If n = 1, then (D^^^, S^""!) = {D\ S^) and 

Z{K; {D\S^)) = 

is a case related to toric topology. That is, CP^ is the toric manifold quotient by 
A(T^) of its associated moment-angle complex. 

(4) More generally, let A[m — 1]^ be the g-skeleton of the (m — l)-simplex A[m — 1] 
consisting of all the simplices of A[m — 1] of dimension < q. Since 

aA[m-l] = A[m-1]„_2, 
there is a homeomorphism 

Z{dA[m - 1]; (D^"^ 52"-!)) ^ 52™"-! 

and again the diagonal group A(T™') = acts freely on 5'^™'""^ with quotient the 
manifold CP"^""^. Again when n = 1, there is a homeomorphism 

Z(<9A[m-l];(D2,5^)) ^S^m-i 

and the quotient by the action of the diagonal subgroup is CP™^^, a description given 
by CP"^^^ as a toric manifold. A stronger relation between the complex K' and a 
toric manifold M^^ is given in Section [31 
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Definition 2.5. Consider the ordered sequence / = {ii, . . . ,ik) with 1 < ii < . . . < < m 
together with pointed spaces Yi, . . . , y^. Then 

(1) the length of / is |/| = /c, 

(2) the notation / < [m] means / is any subsequence of (1, . . . , m), 

(3) yH = Yi X . . . X y^, 

(4) Y'^Yi,xYi,x...xYi^, 

(5) y-^ = y^j A . . . A y^j^, and (redundantly) denotes A ... A Ai,^ for I = {ii, . . . ,ik)- 
Two more conventions are listed next. 

(1) The symbol X *Y denotes the join of two topological spaces X and Y. If X and 
y are pointed spaces of the homotopy type of a CW-complex, then X *Y has the 

homotopy type of the suspension E(X A Y). 

(2) Given the family of pairs {X,A) = {{Xi,Ai)}'^^ and / < [m], define 

{X^,Aj)^{{X,^,A^)}ff 
which is the subfamily of (X, A) determined by /. 
Standard constructions for simplicial complexes and associated posets are recalled next. 

Definition 2.6. Let K denote a simplicial complex with m vertices. 

(1) Recall that the empty simplex (f) is required to be in K. 

(2) Given a sequence / = {ii, . . . ,ik) with 1 < ii < . . . < < m, define Kj C. K to 
be the full sub- complex of K consisting of all simplices of K which have all of their 
vertices in I, that is Kj — {a H I\a G K}. 

(3) Let \K\ denote the geometric realization of the simplicial complex K. 

(4) Associated to a simplicial complex K, there is a partially ordered set (posct) K 
given as follows. A point a in ^ corresponds to a simplex a E K with order given 
by reverse inclusion of simplices. Thus o"i < a2 in K if and only if a2 Q (Ti in K. 
The empty simplex is the unique maximal element of K. 

Let P be a poset with p e P. There are further posets given by 

P<p = e P\q<p} 

as well as 

P<p = {? e P\q < p}- 

Thus 

= {r e K\t < ct} = {t e K\t D a}. 
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On the other hand, given a poset P, there is an associated simphcial complex A(P) called 
the order complex of P which is defined as follows. 

Definition 2.7. Given a poset P, the order complex A{P) is the simplicial complex with 
vertices given by the set of points of P and A;-simplices given by the ordered {k + l)-tuples 
{pi,P2, ■ ■ ■ ,Pk+i) in P with pi < p2 < ■ ■ ■ < Pk+i- It follows that A{K) = cone(K') where 
K' denotes the barycentric subdivision of K. 

The following decomposition is well-known [331 [2^ for which Y denotes the wedge, and 
denotes the reduced suspension of X. 

Theorem 2.8. Let (Yi,yi) be pointed CW- complexes. There is a pointed, natural homotopy 
equivalence 

: X . . . X F„) ^ S( V ?') 

I<[m] 

where I runs over all the non-empty sub-sequences of (1, 2, . . . , m). Furthermore, the map 
H commutes with inductive colimits. 

Remark 2.9. The natural homotopy equivalence H : E(Yi x . . . x Ym) Y^) in 

Theorem 12.81 is defined and used in the proof of Theorem 12.101 below. 

Recall from Definition 12.51 that {Xi,Ai) denotes the sub-collection of (X, A) determined 
by /. An application of Theorem 12.81 yields the following splitting theorem. 

Theorem 2.10. Given (X, A) = {(Xj,y4j)}™^ where {Xi,Ai,Xi) are connected, pointed 
CW-pairs, the homotopy equivalence of Theorem \2.8\ induces a natural, pointed homotopy 
equivalence 

H : J:{Z{K; {X,A))) ^ S( \/ Z{Kr, {X^,Aj))). 

I<[m] 

Remark 2.11. The spaces Z(K; (X, A)) generally do not decompose as a wedge before 
suspending. One example is given where K is the simplicial complex determined by a 
square, with 4 vertices and 4 edges, and where Z{K; {D"^, S^)) is x S^. 

The next result is a determination of the homotopy type of the Z{K; (X, A)) in case the 
inclusions Ai •—>■ Xi are null-homotopic for every i G [m]. 

Theorem 2.12. Let K be an abstract simplicial complex and K its associated poset. Let 
= {{^i, ^i,Xi)}iLi denote m choices of connected, pointed pairs of CW -complexes, 
with the inclusion Ai C Xi null-homotopic for all i. Then there is a homotopy equivalence 

Z{K-{X,A))^ V |A(Z<J|*5(a). 

o-gA' 
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This theorem is a generahzation of the wedge lemma of Welker-Ziegler-Zivaljevic in ^47], 
apphed to generahzed moment-angle complexes. Substituting Theorem 12.121 in Theorem 
12. 101 yields the next result. 

Theorem 2.13. Let K he an abstract simplicial complex with m vertices, and let 

ix,A) = {ix,,A,x,)}Z, 

denote m choices of connected, pointed pairs of CW- complexes with the inclusion Ai C Xi 
null-homotopic for all i. Then there is a homotopy equivalence 

nZ{K- (X, A))) ^ V l^((^/)<'^l * D{a))). 

I crGiCj 

Two special cases of Theorem 12.131 are presented next where either (i) the Ai are con- 
tractible for all i or (ii) the Xi are contractible for all i. In the case for which all Ai are 
contractible, the decomposition given in Theorem 12.101 has the property that X" is con- 
tractible for all (J 7^ [m] . The one remaining summand in Theorem 12.101 occurs for a = [m] 
and thus X"^ = X^™] as given in Definition 12.51 The next result follows at once. 

Theorem 2.14. // all of the Ai are contractible with Xi and Ai closed CW-complexes for 
all i, then there is a homotopy equivalence 



Z{K- {X,A)) 



if K is not the simplex A[m — 1], and 
if K is the simplex A[m — 1] . 



Notice that the spaces Z{Kj; (Xj,Aj)) of Theorem 12.101 are all contractible unless Kj 
is a simplex of K by Theorem 12.141 The simplices of K have been identified with certain 
increasing sequences / < [m]. Thus, the next result follows immediately from Theorems 12. 101 
and EH 

Theorem 2.15. // all of the Ai are contractible with Xi and Ai closed CW-complexes for 
all i, then there is a homotopy equivalence 

i:{Z{K; {Xj_,A£))^^{\/ X'). 

In the situation where {Xi, Ai,Xi) = {X, A, xq) for all i, the next result follows at once. 

Corollary 2.16. If Xi = X and all of the Ai are contractible, with K and K' simplicial 
complexes both having m vertices as well as the same number of simplices in every dimension, 
then there is a homotopy equivalence 

^{Z{K; {X,A)))^^{Z{K';{X,A))). 
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Remark 2.17. The condition in Corollary 12.161 that two simplicial complexes K and K' 
both have m vertices as well as the same number of simplices in every dimension is the 
definition of having the same f -vectors. 

Let P{Y) denote the reduced Poincare series for a finite, connected CW-complex. 

Corollary 2.18. // (X, A) is a pair of finite CW-complexes with A contractible, and \K\ is 
connected, then 

n 
k=0 

where n is the dimension of K, and fk is the number of k- simplices of K. 

When specialized to (X, A) for which the spaces Xj are contractible, there is a precise 
identification of \/ j^^^^ Z{Kj; {Xj_, Aj)) obtained by appealing to the "Wedge Lemma" in 
work of Welker-Ziegler-Zivaljevic in [¥7] on homotopy colimits of spaces. The next theorem 
addresses the case for which all of the Xj are contractible. Recall the join of two spaces 
X *Y as well as the notation A^™] = Ai A . . . A Am from Definition 12.51 

Theorem 2.19. Let K he an abstract simplicial complex with m vertices and let 

{X,A) = {{X,,A,,x{)}Z, 

be a family of connected, pointed CW-pairs. If all of the Xj are contractible, then there are 
homotopy equivalences 

Z{K- (X, A)) -> \K\ * ll™] ^ A It"*!). 

Since all of the Xj are contractible, all of the D{a) are contractible with the possible 
exception of D(0) = Ai A . . . A A^- Since the element is the maximal element under 
reverse inclusion in K, the order complex A(i^<0) is equal to the barycentric subdivision 
of K denoted SdK. Furthermore, there are homeomorphisms on the level of geometric 
realizations \ A(K)\ \SdK\ \K\. 

Remark 2.20. For the case (X, A) = (D^, S^) and i^T is a simplicial complex with m vertices, 
David Stone [42] has shown that the homotopy equivalence 

given by Theorem 12. 191 extends to a homeomorphism. He does this by "linearizing" a smash 
product of discs using joins. This result may be interpreted as giving, for any simplicial 
complex K on m-vertices, a model of S™'"^^|i^'| inside an m-fold smash product of two-discs 
which preserves the combinatorial structure of iiT in a natural way. 
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The next result is now a consequence of Theorems 12.101 and 12.191 

Theorem 2.21. // all of the Xi in (X, A) are contractible with Xj and Ai closed CW- 
complexes for all i, there is a homotopy equivalence 

T.Z{K-{X,A))-^T.{\J \Ki\*A'). 

Remark 2.22. An important case of Theorem 12. 211 is given by setting Xj equal to the cone 
on Ai. 

Since is contractible, the next corollary follows at once from Theorem I2.21[ 

Corollary 2.23. Let {X^, Ai,Xi) denote the triple {D'^,S^,*) for all i. Then there are ho- 
motopy equivalences 

I(^K I^K 

Notice that the last corollary implies a decomposition for the homology of Z{K; {D^, S^)) 
for any homology theory. The associated additive decomposition for singular homology is due 
to Hochster [22J, Goresky-MacPherson |20], Buchstaber-Panov [7j, Jewell [25], and others. 
An analogous consequence is given next. 

Corollary 2.24. Let {Xi,Ai,Xi) denote the triple (Z^"+^, S"", *) for all i. Then there are 
homotopy equivalences 

The cohomology ring structure is given by Panov [36], a feature that does not follow from 
the above corollary. 

Remark 2.25. A simplicial complex K determines the complement of a complex coor- 
dinate subspace arrangement as outlined in [7j. This space is Z{K]{C,C*)) which has 
Z{K; iD^,S^)) as a strong deformation retract [7]. Similarly, Z{K; (M"+i,M"+i - {0})) is 
the complement of a certain arrangement of real subspaces having Z{K; {D"'^^,S"')) as a 
strong deformation retract. 

Shifted simplicial complexes are defined next. 

Definition 2.26. A simplicial complex on m vertices is shifted if there exists a labeling of 
the vertices by 1 through m such that for any face, replacing any vertex of that face with a 
vertex of smaller label and not in that face results in a collection which is also a face. For 
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a shifted complex, the geometric reahzation of K and every Ki is homotopy equivalent to a 
wedge of spheres. 

The next corollary follows. 

Corollary 2.27. If K is a shifted complex, then J]Z{K; (D"+^,S'")) is homotopy equivalent 
to a wedge of spheres. 

Remark 2.28. In the special case for which i^T is a shifted complex, a stronger result than 
that of Corollary 12.271 was proven by Grbic-Theriault [21]. They prove that Z{K; {D'^,S^)) 
is homotopy equivalent to a wedge of spheres without suspending. 

The theorems of Porter and Grbic-Theriault support the following. 

Conjecture 2.29. If K is a shifted complex, then 



are of the same homotopy type. 

Denham and Suciu prove an elegant Lemma numbered 2.9 in [16] which relates fibrations 
and moment-angle complexes. That Lemma is stated next. 

Lemma 2.30. Let p : {E, E') {B, B') he a map of pairs, such that both p : E ^ B 
and p\E' : E' ^ B' are fibrations, with fibres F and F' , respectively. Suppose that either 
F = F' or B = B' . Then the product fibration, : E^ B^ , restricts to a fibration 



Z{K; ^ Z{K; {E,E')) -> Z{K- {B,B')). Moreover, tf{F,F') {E,E') -> (5,5') 



is a relative bundle (with structure group G), then the above bundle has structure group G". 

Notice that Lemma 12.301 extends easily to generalized moment-angle complexes as follows 
(with details of proof omitted). 

Lemma 2.31. Let pi : {Ei,E[) {Bi,B'j) be a map of pairs, such that p : Ei ^ Bi and 
p\E[ : El B[ are fibrations with fibers Ft and Fl respectively. Let K be a simplicial complex 
with m vertices. 





I^K 



(1) IfBi = B[ for all i then, Z{K; {B,B[)) = Bi x . . . x B^. 

(2) IfFi = Fl for all i, then Z{K; (F,F')) = Fi x . . . x F^. 

(3) In any one of these two cases, the following is a fibration: 



Z{K- (F,F')) ^ Z{K- {E,m Z{K- (5,5'). 
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Natural consequences of Lemma f l2.3ip arose earlier in the work of G. Porter [39J, T. 
Ganea [19] and A. Kurosh [28] as discussed next. Porter considered the cases {Xi, *i, 
In this case, consider the natural filtration of the product Xi x . . . x as defined by 
G. W. Whitehead with j*^-filtration given by the space 

Wj{ Y\ -^i) = • • • 5 ym)\ Ui = *i, the base-point of X^ for at least m — j values of i}. 

l<i<m 

The subspace WjlYli^^^^Xi) of the product is precisely a choice of a generalized moment- 
angle complex as follows. 

Let A[m — l]q denote the g-skeleton of A[m — 1], that is 



A[m - l]q = {I C [m] 

Then 



|/| < g + 



W,-(J]X,) = Z{A[m - (X, *)). 

In this case, Porter's result gives an identification of the the homotopy theoretic fibre of the 
inclusion 

l<i<m l<i<m 

a result which follows directly from the classical path- loop fibration over X and Lemma [2. 3 
features elucidated next. 

Two standard constructions are used here. Recall that the path-space PX of a pointed 
space {X,*) is the space of pointed continuous maps f : [0,1] —>■ X with /(O) = *, the 
base-point of X. The evaluation map 

ei: PX ^X 

is defined by ei(/) = /(I) and is a fibration with fibre QX the space of continuous maps 
/ : [0, 1] ^ X with /(O) = * = /(I). Observe that there is a fibration of pairs 

{nx,nx) > {px,nx) (x,*). 

Next consider the (unreduced) cone CY over a space Y defined as 

C{Y) = [0, 1] X Y/ ^, 

the quotient obtained from the equivalence relation (l,a) ~ (1;^) for all a,b E Y with 
equivalence classes denoted [t,y]. Observe that there is a map 

k:X^Xx C{PX) 
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with 

k{x) = {x, [0,/J) 

where : [0, 1] X with f^it) = x. The map k is evidently a homotopy equivalence. 
Consider the pair 

{X X C{PX),PX) 

for which PX is the subspace of X x C{PX) given by pairs (/(I), [0,/]) e X x C{PX). 
Observe that there is a fibration of pairs 

{C{PX),VlX) > {X X C{PX),PX) (X,X) 

for which nx '■ X x C{PX) ^ X is the natural projection. Also, observe that there is an 
equivalences of pairs 

(X,*) ^ (X X C{PX),PX). 
Thus by Lemma 12.311 there is a fibration 

Z(K; ( PXMX )) > Z(K; ( X x PX ,PX)) ^(^;(X,X)) 

as well as the associated fibration (up to homotopy) 

Z{K;{PX,QX)) ^ ZiK;{X,*)) Z{K;{X,X)) 

a remark recorded as the next Corollary. 

Corollary 2.32. // all of the Xj are path- connected, the homotopy theoretic fibre of the 
inclusion Z{K; (X,*)) C Z{K; (X,X)) zs Z{K; ( PXMX )). 

Thus if all of the Xj are path- connected, the homotopy theoretic fibre of the inclusion 

W,{Ul<^<mX^) C Ul<^<„.X, = Z {A[m - (X, *)) 

Z(A[m-l]j.^;( PX , nX )). 

In addition, a second Theorem of Porter [35] gives the structure of the fibre Z{A[m — 
Mj-i'i ( -PX , fix)). The next Theorem provides a decomposition of the suspension of Z{A[m— 
Mq-i'i ( CY , Y_)) where CY denotes the cone over a connected CW-complex Y. Let ( CY , Y_) = 
{{CYi, Yi, Xj)}™^]^ be a family of connected, pointed CW-pairs and recall that F'^ is Fj^ A . . . A 
Xj^ if / = (zi, . . . , Zfc). The next result follows from Theorem 12. 19[ 

Theorem 2.33. Let ( CY , Y) = {(CFj, Fj, Xj)}^^ be a family of connected, pointed CW- 
pairs. Then there is a homotopy equivalence 

E{Z{A[m-l]„{CY,m^^i V V(^'"^'^')) 

\I\>q+l tl 

where tj is the binomial coefficient ('^[j^/)- 
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When q = m — 2, Z(A[m — l]m-2', iX_]*)) is the fat wedge Wm-i(n.Xi) and the homo- 
topy fiber is Z{A[m — l]m-2', ( PX , In this case, it follows that there is a homotopy 

equivalence 

E{z{Km-i,m-2; iPx,^W)) ^ ^i^x, * ... * nxj. 

T. Ganea [19] had identified the homotopy theoretic fibre of the natural inclusion 

X\/Y -^X X Y 

as the join Q{X)*Q{Y) in case X and Y are path-connected, pointed spaces of the homotopy 
type of a CW-complex. This example is a special case of the homotopy theoretic fibre for the 
inclusion of a generalized moment-angle complex in a product corresponding to the simplicial 
complex K given by two disjoint points. 

The next result gives a determination of the cohomology ring of Z{K] (X, A)) under the 
conditions that each Ai is contractible, and coefficients are taken in a ring R where 

(1) -R is a field, or 

(2) the cohomology of X satisfies the strong form of the Kiinneth Theorem with coeffi- 
cients in R. 

Examples in the case i? = Z are given by spaces X of finite type which have torsion free 
cohomology over Z. 

m 

Notice that there is a natural inclusion j : Z{K] (X, A)) C Yl ^i- Theorem 12.141 implies 

i=l 

that 

J* : H*([[X,;R)-.H*iZ{K; {X,A)y,R) 

is onto and that the kernel of 6* is defined to be the generalized Stanley-Reisner ideal I{K) 
which is generated by all elements Xj^ ® Xj^ ® . . . ® Xj^ for which xj^ G H*{Xj^; R) and the 
sequence J = (ji, . . . ,ji) is not a simplex of K. This construction provides a useful extension 
of the Stanley-Reisner ring as stated next. 

Theorem 2.34. Let K he an abstract simplicial complex with m vertices and let 

{X,A) = {{Xi,A,x,)}Z, 

he m pointed, connected CW-pairs. If all of the Ai are contractible and coefficients are taken 
in a ring R for which either 

(1) R is a field, or 

(2) the cohomology of X with coefficients in R satisfies the strong form of the Kiinneth 
Theorem, 
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then there is an isomorphism of algebras 

m 

((g) H*{Xi- R)/I{K) ^ H*{Z{K- {X,A))- R). 

i=l 

Furthermore, there are isomorphisms of underlying abelian groups given by 

E\Z{K- (X,A))^0E*(5(a)) 

for any reduced cohomology theory E* . 

Remark 2.35. An analogous result for the cohomology ring structure is satisfied for any 
cohomology theory E*{—) for which E*[X) satisfies the strong form of the Kiinneth Theorem 

Denham and Suciu [16] consider an action of a topological group G on the pair (X, A) 
together with the natural induced action of on Z[K\ (X, A)) where K has m vertices. 
The associated Borel construction (homotopy orbit space) is 

EG™ Xg- Z{K] (X,A)). 

The applications here will be restricted to topological groups G which are CW-complexes. 
Regard G as a subspace of EG given by the orbit of a point corresponding to the identity 
in G. Denham- Suciu proved the following using their Lemma 2.10 |16j). 

Theorem 2.36. The space Z{K; (BG,*)) is homotopy equivalent to the homotopy orbit 
space 

EG"^ XGn.Z{K; {EG,G)). 
Furthermore, the natural projection 

EG"" Z{K; {EG,G)) BG"" 

is a fibration with fibre 

Z{K- {EG,G)). 

Recall the T^-action on Z{K; {D'^,S^)) induced by the natural S^-action on the pair 

Definition 2.37. Define the Davis- Januszkiewicz space 

DSiK) = ET"" Xt™ Z{K; {D^, S^)) = Z{K; {BS\ *)). 
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The space TiS{K) is an example of the construction addressed above by Denham-Suciu 
|16j . The cohomology ring of T)^{K) was computed first in work of Davis- Januszkiewicz [112] 
as well as work of Buchstaber-Panov [7j. An elegant proof was given in work of Denham- 
Suciu [16]. 

To state their results, let / = (zi, . . . , ik) denote a simplex in A [m — 1]. Then, let xi = 
Xi^ . . . Xi^. for which the Xj, 1 < i < m, are the natural choice of algebra generators for the 
integral cohomology ring of BT"^. 

Theorem 2.38. The integral cohomology ring of the Davis- Januszkiewicz space 

m{K)=Z{K- {BS\*)) 

is isomorphic as an algebra to 

Z[xi, . . .,Xm]/I{K) 

where I{K) denotes the ideal generated by for which I = {ii, . . . ,ik) is not a 

simplex in K. In particular, J\x\^ . . . ,Xm\/ I{K) is the Stanley-Reisner ring of K. 

Remark 2.39. Theorem 12.381 is a special case of Theorem 12.341 where (Xj,Xj) = (BS^,*). 

The decompositions for the suspensions of generalized moment-angle complexes given in 
Theorem 12.101 specialize to decompositions for Z{K; (BG,*)) as follows. 

Corollary 2.40. There is a homotopy equivalence 

S(Z(i^;(i?G,*)))^S( V Z{Kj;iBG,*))). 

I<[m] 

Thus in case G = T = , there is an additive decompostion of Stanley-Reisner ring given by 
the cohomology algebra ofDSi^K) = ET"^ Xj^m Z{K; {D"^, S^)) together with an isomorphism 
of underlying abelian groups 

WCDdiK); Z)^H\\J (BS^i-Z). 

l£K 

Furthermore, there is a decomposition 

E4'D3{K);Z) = E,{\J (BS^^) 

I&K 

for any homology theory E^. 

Remark 2.41. An analogous algebraic decomposition was given by Bjorner and Sarkaria 
in [6] for the special case of {D^, S^) and singular cohomology with integer coefficients. The 
decomposition in Theorem 12.341 is also closed with respect to the Steenrod operations in 
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mod-p cohomology arising from the geometric splitting of the suspension. It is not apparent 
that the decomposition of Bjorner and Sarkaria after reduction mod-p preserves the action 
of the mod-p Steenrod algebra. 

Some features of generalized moment-angle complexes together with their stable decom- 
positions in Theorem 12.101 extend directly to simplicial spaces X^, and their geometric re- 
alizations denoted To do so, some notation is given next by analogy with Definition 

o 

Definition 2.42. Let ( X^ , A^) denote the collection of pairs of simplicial spaces 

{{X,{^),M^))}T=l 

and let {X.nyAn) denote the collection of pairs {{Xn{i) , An{i))}^i where X„(i) denotes the 
n-th space in X^,{i). Define 

Z{K; {X,,A,))n = Z{K; (X„,AJ). 

The next lemma gives the property that the collection of spaces Z{K; {2^^,A^))n for all 
n > is naturally a simplicial space which is denoted by Z[K] ( X^ , A^)). 

Lemma 2.43. The natural inclusions 

^„ : Z{K; (X„ A))n = Z{K; (X„, AJ) X„(l) x . . . x X„(m) 

are closed with respect to the face and degeneracy operations in the product 

X ... X X^{m). 

That is the following properties are satisfied. 

(1) d, : Z{K; {X^,AX - Z{K; (X„ AJ)„_i and 

(2) Sj : Z{K; (X„ AJ„ ^ Z{K; (X„ AJ)„+i. 

Hence 

(1) Sj{x) G An+i{i) if and only if x G An{i), and 

(2) the natural inclusion gives a map of simplicial space 

I, : Z{K- (X„ AJ) ^ X,(l) X ... X X,(m). 

The geometric realization of a simplicial space X^, is recalled next for convenience of the 
reader. 
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Definition 2.44. The geometric realization |X=k| is the quotient 

UA[z]xX./H 

0<t 

where A[i] denotes the i-simplex and ~ is the equivalence relation generated by 

(1) {u, dix) ~ {diU, x) for u G A[r — 1] and x G X,., and 

(2) {aj{v),y) ~ {v, Sj{x)) for v G A[r + 1] and y G X^. 

Let [MjX] in |X*| denote the equivalence class of the pair (-u, x) in A[ 
Given the collection of pairs of simplicial spaces 

let (|X^,|, \A^\) denote the collection of spaces {(|X*(i)|, where |X*(i)| and 

denote the respective geometric realizations. 

It is a classical fact [31] that there are homeomorphisms 

TT : |X,(1) X ... X X,{m)\ |X,(1)| x . . . x \X,{m)\ 

for simplicial spaces X*(z) for 1 < i < m in case either of the following are satisfied. 

(1) Each X^:{i) is countable, or 

(2) the spaces |X*(z)| are locally finite. 

A variation in the underlying point-set topology is given in [31] where it suffices to assume 
that all spaces are compactly generated and weak Hausdorff. 

The homeomorphism tt is induced by the product of the natural projection maps 

TTj : X*(l) X ... X X*(m) — > X*(j) 

which gives a map 

|7r,-| : |X,(1) X ... xX,(m)| ^ |X,(j)|. 
The inverse of tt = |7ri| x . . . x iTr^l 

l<.i<m l<i<.m 

is induced by sending the class of ]n^i<j<m I""!) \'^iY\i<i<m^jX^i)\ where w and the 

possibly iterated degeneracies sj^{xi) are specified in [3^. 

Since the natural inclusion in '■ Z{K; (X„, An)) —* X„(l) x . . . x X„(m) is a monomorphism 
of simplicial spaces by Lemma 12.431 the realization 

\Z{K; (X,,AJ)| 
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is a subspace of x . . . x X*(m)|. Furthermore, let 

I : Z{K- \A\,)) \X,{1)\ X ... X |X,(m)|. 

denote the natural inclusion. The following statement is proven by repeating a proof in [M] . 

Theorem 2.45. There is a commutative diagram 

ZiK;i\XU,\AU)) \ZiK;iX,,AJ)\ 

i 

|X,(1)| X ... X |X,(m)| X ... X X,(m)| 

where h is the restriction ofrj, 

h = V\\Z{K;X^)\- 

Furthermore, if either 

(1) the simplicial spaces X^:{i) are countable, 

(2) the spaces \X^{i)\ are locally finite, or 

(3) the spaces X„(z) are assumed to be compactly generated and weak Hausdorff, 
then the map 

h : Z{K- \Al)) \Z{K- (X„ AJ)| 

is a homeomorphism. 

3. TORIC MANIFOLDS 

This section is a brief introduction to properties of toric manifolds with an emphasis on 
relationships with moment-angle complexes Z{K] [D"^, S^)). Following Davis- Januszkiewicz 
|12] and Buchstaber-Panov [36j define a toric manifold starting with T" the real n-torus 

= 5^ X ... X 5^ {n factors). 

Notice that acts on C", n-space by: 

where tiZi is the natural multiplication of two complex numbers. The quotient space C"'/T^ 
is homeomorphic to 

Wl = {{xi,...,Xn)\ Xi eR,Xi> 0}. 

Let M"^^ be a 2?T,-manifold. Say that T" acts on M^" with locally standard action if (i) 
every point x G M^" has a coordinate neighborhood invariant under the action of T", 
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(ii) there is a homeomorphism Lp^ '■ Ux Vx G M^" = C" with \4 open, and (iii) for every 
t E T"- and y E Ux, the following are equal 

ipxit ■ y) = axit) ■ ipxiy) 

where Ux is an automorphism of T" with the standard action on the right-hand side. It 
follows that M^"/T" is the union of spaces . Say that M^" is a toric manifold over P", 
if the orbit space is homeomorphic to a simple n-polytope P". 

Recall that P" can be described as the intersection of m half-spaces. Notice that P" has 
faces of codimension 1 to n. Assume that there are m codimension-1 faces, Pi, ... , P^ and 
if the intersection Pj^ fl . . . fl Pj^ 7^ for 1 < zq < -ii < . . . < ifc, it is a codimension fc-face. 

Let a = {io, . . . ,ik) denote an increasing sequence in [m]. Consider the intersection defined 
by Po- = Pio n . . . n Pj^ which will be assumed to be non-empty. Then the set of all such a 
for which F„ is not empty defines a simplicial complex K ( which contains the empty set by 
definition ). If i^' contains an element a which is not the empty sequence, then K is the dual 
complex of the boundary complex of the simple convex polytope P". Moreover, \K\ = 5""^. 
Note that this particular K is denoted Kp in [12j, and [8]. 

Notice that acts on M^". Let tt : M^" P" denote the quotient map. Observe that 
T" acts on 7r~^(Int(Po-)) with constant isotropy subgroup, denoted A(Pa-), a. {k + l)-subtorus 
of T", where k + 1 = \a\ = length of a and Int(Po-) denotes the interior of F„. 

In particular T" acts freely on 7r~^(Int(P"')). However, acting on M^" has fixed points 
which are the inverse images of the vertices of P". The 1-dimensional tori A(Pi) are uniquely 
represented by 

for i = 1, . . . ,m, where Aj = (Aji, . . . , Aj„) is a primitive vector of Z", that is Aj can be 
extended to a basis for Z". Since P" is a simple polytope, every face is given by an unique 
intersection of codimension-1 faces, the vectors (Aji, . . . , Ajfc) are linearly independent for 
/c < n if P(j is a face of P". 

Consider the family of codimension-2 submanifolds M{i) = 7r~^(Pj). Define 

M{a) = M{io) n . . . n M(ifc) 

where a = (zq, . . . ,ik)- Since this intersection is tranverse, M{a) = 7i~^[F„) is a codimension- 
2{k + 1) submanifold of M^". 

The (m x ?T,)-matrix A = (Xij) gives an epimorphism A : T"^ — > such that if 

T™ = {(ti,...,U|t, = l, ift^a} 
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is a natural subgroup of T™, then \\T^ : T™ — > A(-Fo-) is an isomorphism. The kernel of 
A denoted Ker(A), acts freely on Z{K; (D^, S^), where K is the dual of dP^ and there is a 
map 

Z{K; {D\ 5^))/Ker(A) ^ M'" 

which is a diffeomorphism. Furthermore, the epimorphism A : T™ — T" is split so that T*" 
is isomorphic to Ker(A) x as a topological group. A direct consequence is recorded next 
for use below. 

Lemma 3.1. The induced map 

p : ET™ XT- Z{K; {D^ S^)) ET"" x^n M^" 

is a homeomorphism. 

Proof. Observe that A : T™ T" induces a principal fibration 

Ker(A) Z{K; {D^, S^)) M^'^. 

Next, observe that T™' splits as T" x Ker(A) as a topological group. Notice that (i) acts 
on {D"^, S^)), and (ii) the map 

Z{K; (D^5^))/Ker(A) ^ M^" 

is a diffeomorphism. Thus acts on Z{K; {D^, S^)) with 

ET"^ XTmZ{K; (D^S^)) 

homeomorphic to 

ET" xrn (Z^^ S^))/Ker(A). 

The Lemma follows. □ 

This setting is clearer with the following equivalent construction of M^" and Z{K] [D"^, S^)) 
due to Davis and Januzkiewicz in [12]. Here, M^" is the quotient of T" x P"/ ~ where ~ is 
the equivalence relation: 

{t,x) ~ if x = x' and t't"^ G A(F^), 

where is the unique face such that x E Int(F^). Now Z{K; (0^,3^)) ^ T"" x P™/ ~, 
where ~ is the equivalence relation 

(if:, x) ~ (t', x) 

ii X = x' and t't^^ G where a; lies in the interior of the unique face, P^- 
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Since the map 

p : ET™ XT- Z{K] S^)) ET"" Xr- M^" 



is a homeomorphism by Lemma [3?T| and is equivariant with respect to the natural T™-action, 
it follows that there is a morphism of fibrations (up to homotopy) as given next. 

Ker(A) > E(Ker(A)) > 5(Ker(A)) 



P BX 

One consequence of this diagram of fibrations and earlier remarks is the following Theorem 
concerning the cohomology of toric manifolds, [8] or [TT] . 

Theorem 3.2. The cohomology ring if*(M^";Z) is isomorphic to 

Z[xu...,Xm]/{I{K) + I{X)) 
where /(A) is the ideal generated by ix'^iH'^ {BT^)) . 

Proof. First recall that (i) the space £'(Ker(A)) is contractible, (ii) the sequence of maps 

£;(Ker(A)) > ET"" Xy™ Z{K] {0^,3^)) ET" x^n M^" 

is a fibration, and (iii) the map 

p : ET™ Z{K; {D^, S^)) ET' Xt- M^*^ 
is a homotopy equivalence. Consider the composite map 

ET"" XTr. Z{K; iD^,S^)) — ^ ET" x^- M^"^ BT"" 
and observe that this composite 

7^2° P 

is again a fibration with fibre M^*^ as p is an equivalence. 

By appealing to Morse theory as in [T2]. it follows that M^'^ has cells only in even dimen- 
sions. The i?2-term of Serre spectral sequence for the fibration 

M2« ET^ Xt^ Z{K-{D\S^)) BT^ 

is given by 
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Since all cohomology groups are concentrated in even degrees, the spectral sequence collapses 
at E2. It follows that the cohomology of iJ*(M^") is the quotient of the cohomology ring 
of ET"^ Xj-m Z{K; {D^, S^)) modulo the two-sided ideal generated by the image in reduced 
cohomology of the map 

H*{BT") ^^^^ H*{ET'^ Z{K- {D\S^))). 

Since p is a homotopy equivalence ( in fact a homeomorphism ), the previous statement 
is equivalent to the statement that the cohomology of if*(M^") is the quotient of the coho- 
mology ring of ET^ x^n Z{K-^ {D"^, S^)) modulo the two-sided ideal generated by the image 
in reduced cohomology of the map 

H*{BT'') H*{ET"' XTr. Z{K; {D^,S^))). 

It is proven in [8] and [16j that the natural map 

Z{K; (CP°°, *)) ^ ET™ XT- Z{K; (D^ S^)) 

is a homotopy equivalence, a point addressed in Theorem 12.361 here. By [16], or Theorem 
12.361 here, the cohomology ring of the space Z{K] (CP°°, *)) is precisely the Stanley-Reisner 
ring of K, 

where I{K) denotes the ideal generated by for which / = (zi, . . . , ^fc) is not a 

simplex in K. 

Thus the cohomology ring of M^" is precisely the ring . . . ,Xrr^/ I{K) modulo the 
two-sided ideal /(A) generated by the image of the map 

p*:if*(5T")-^Z[xi,...,x^]//(ir). 

The Theorem follows. 

□ 

4. Preparation 

The proof given below for the stable decompositions of moment-angle complexes relies on 
work of Welker-Ziegler-Zivaljevic on homotopy colimits of spaces [17]. Relevant features of 
that work are recalled next for purposes of exposition. 

(1) Let CW^: denote the category of CVT-complexes and pointed, continuous maps. 

(2) Let P denote a finite poset (partially ordered set). 
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Given a poset P, define a diagram D of CW-complexes over P to be a functor 

D : P — > CW, 
so that for every p < p' in P there is a map 

rfpp, : D{p') ^ D{p) 
for which dpp is the identity and (redundantly) for p > p' > p". Thus, it follows that 

dpp' ° dpfp/f = dpp'/ . 

The colimit of D is the space 

colim(L)) = Y[D{p)/r^ 

peP 

for which ~ denotes the equivalence relation generated by requiring that for each x G D{p'), 
X ~ dppi{x) for every p < p'. 

Recall the poset associated to a simplicial complex K with order given by reverse inclusion 
of simplices and denoted by the symbol K in Definition 12.61 Given a simplicial complex K, 
there are two diagrams D and D over the poset K given by -D(cr) and -D(cr) with all the 
diagram maps induced by obvious inclusions. It follows that 

Z{K; {X,A)) = colim(D(a)) 

and 

Z{K; {X,A)) = colim{D{a)). 

Homotopy colimits are defined next using the order complex A(P) as described in the 
introduction. Given a poset P and p E P, define a new poset given by 

P<P = {q P ■■ q <p} 

The order complex A(P<p) is a sub-complex of A(P). Also, whenever p < p', the natural 
inclusions induce an injection 

ip'p : A(P<p) ^ A(P<p/). 
For all pi < P2, there are two natural maps a and /3 determined by ip^p-^ and dp^^p^ given by 
1 X rfp,p2 = a : A(P<pJ X D{p2) — > A(P<pJ x D{pi), 

and 

tp,p, X 1 = /3 : A(P<pJ X Dip2) — A(P<pJ X D{p2) 
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The homotopy colimit of a diagram D{P) is defined as 

fiocolim(D(P)) = {]J A(P<p) X D{p)}/^ 

peP 

where ~ is the equivalence relation defined by identifying every pair of points a{x,u) and 
i3{x,u). 

The next theorem, a restatement of the 'Projection Lemma' stated in [17] as Lemma 3.1 
or in |40j permits replacement of colimits by homotopy colimits in the case of CW-diagrams 
(in particular). One feature of this process is that homotopy colimits frequently have more 
useful homotopy properties than colimits in the proofs below. 

Theorem 4.1. Let D{P) he a diagram over P having the property that the map 

colimg>p D{q) ^ D{p) 
is a closed cofibration. Then the natural projection map 

n{D) : hocolim((D(P)) — > colim(P)(P)) 

induced by the projection 

A(P<p) X Dip) Dip) 

is a homotopy equivalence. 

The last ingredient required here is the next result, proven in [18] as Lemma 1.8, and 
stated in jlTj as Lemma 4.9 (Wedge Lemma). 

Theorem 4.2. Let P be a poset with maximal element 1. Let D be a P -diagram (a functor 
D : P ^ CW^), so that there exists points Cpi G Dip') for all p' < 1 such that dip,p') is the 
constant map with dip,p')ix) = Cpi for all p > p' , then there is a homotopy equivalence 

hocolim(P), P) — >\J (A(P<p) *Dip)). 

An additional result is developed next. Let S : CW^, — > CW^: be the suspension functor. 
By the definition of colim, if D : P ^ CW^ is a diagram, there is a natural inclusion 

hip) : Dip) colim(P>(P)) 

which induces a map 

E(/i(p)) : S(P)(p)) ^ S(colim(D(P))) 

and thus a map: 

h : colim((S o D)iP)) S(colim(P'(P))). 
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Theorem 4.3. Let D : P ^ CW^ he a diagram of finite CW-complexes, then the map 

h : colim((S o D){P)) S(colim(D(P))) 
is a homotopy equivalence. 

Proof. Since homology commutes with finite cohmits by a check of the Mayer- Vietoris spec- 
tral sequence, there is a commutative diagram where the vertical maps are isomorphisms: 

i/,(colim((SoD)(P))) i/,(S(colim(D(P))) 

1 

colim(iJ,(SoP)(p))) > i7,(S(colim(P)(P))) 



colim{H,^i{D{p))) iJ,„i(colim(P))). 

Here s=k is the inverse of the suspension isomorphism in homology, and c is the commutation 
isomorphism. Thus /i* is an isomorphism in homology. Since both colim((S o D){P)) and 
E(colim( (Z}(P))) are both 1-connected, J. H. C. Whitehead's theorem gives that h is a 
homotopy equivalence. 

□ 

The following 'Homotopy Lemma' given in [39], [l6j and [U] is useful in what follows 
below. 

Theorem 4.4. Let D and E he two diagrams over P and with values in CW^. Then if f is a 
map of diagrams over P such that for every p, fp : D{p) E{p) is a homotopy equivalence, 
then f induces a homotopy equivalence: 

7 : hocolim(P)(P)) hocolim(E(P)) 

5. Proof of Theorem 12.101 
Recall the functor D : K ^ CW* of Definition 12.11 as follows: For every a in K, let 



D(a) = J]F„ where 



i=l 



Xi if i E (J 

Aj if 2 G [ml — a. 



Then Z{K- (X, A)) = [j^^j^D{a) = colim D{a). 
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The analogous functor with values in smash products of spaces is given in Definition 12.21 
hj D:K CW, where 



D(a) = Fi A F2 A . . . A F„ where Yi 



Xi if i G cr 

Aj if i G [ml — a. 



Recall from Definition 12.51 that / denotes an ordered sequence / = {ii,...,ik) which 
satisfies 1 < ii < . . . < ij^ < m. Specialize K to Kj the full subcomplex of K given by 

Ki = {a n I\ a e K}. 

Thus D : Kj ^ CW=k satisfies 



D{anl) = Yi,AY,,A...AYi^ where K, 



Xi^ if ij e ani 
Ai^ if ij e I - an I. 



Theorem 12.81 states that there is a natural pointed homotopy equivalence 

H : J:D{a) ^ S( ^ D{ar\I)). 

IC[m] 

Definition 5.1. The diagram 
is defined by the values on objects 

E{a)= \l Dj{anl) 

IClm] 

together with naturality. 

Observe that the map H of Theorem 12.81 gives a map of diagrams H : SD(-) ^E{-) 
which induces a homotopy equivalence 

for every a. It follows from the 'Homotopy Lemma' in [17] stated here as Theorem 14.41 that 
the induced map 

H : hocolim(SL)(-)) ^ hocolim(EE(-)) 

is a homotopy equivalence. 

The 'Projection Lemma' in [47] stated here as Theorem 14. II gives a homotopy equivalence 

H : colim(ED(-)) ^ colim(SE(-)). 



THE POLYHEDRAL PRODUCT FUNCTOR 28 

Notice that Theorem 12.101 follows directly from the features (i) suspension S(-) commutes 
with finite colimits by Theorem l4.3l (ii) colim(D(cr)) = Z{K; (X, A)) and (iii) colim(i?(cr)) = 
V/cH ^(-^j {-^ly ^i))- Thus there is a homotopy equivalence 

H : {X,A))) S( \/ ZiKf, {X^,A£))) 

I<[m] 

which is natural for morphisms of pairs (X, A) and embeddings in K. 

6. Proof of Theorem 12.121 

The hypotheses of Theorem 12.121 are that the inclusion maps Ai C Xi are nuU-homotopic 
for all i. 

Definition 6.1. Consider the diagram 

D:K ^ CW, 

where the underlying set of K is but ordered with respect to reverse inclusion where 
D{a) = /\Y, where = \ '.l"", , 

with drj^T '■ D{t) ^ D{(t) are given by the natural inclusions when a < t (i.e. r C a). 
The inclusion maps ik : Ak Xk are all nuU-homotopic. Consider the diagram 

By hypothesis, ik is null-homotopic, so there is a nuU-homotopy Fk : Ak 'x I ^ Xk with 
Ffc(a,0) = ik{a) and Fk{a,l) = fk{a) = Xk for all a G Ak- By the homotopy extension 
theorem, there exists Gfc : x / — > with Gk{x,0) = x, Gk{x,l) = gk{x) such that 
QkiO'k) = hiO'k) = Xk for all G Ak- Thus there is a commutative diagram 

A id . 

Ak > Ak 



Xk — Xk 

where ik is the constant map to Xk the base point of Xk- 
Definition 6.2. For every a & K, define 
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Next, define maps a (a) as follows. 
Definition 6.3. For every a & K, define 

a{a) : D{a) E{a) 
by a{a) = ai{a) A . . . A Q;m(o") where 



Qk-Xk—^Xk if k 

id : Ak —>■ Ak if A; G [m] — a 



Since the are homotopy equivalences, so is a{cr) for all a E K. Furthermore, if a < r 
(i.e. r C cr) the following diagram commutes: 

D{t) E(t) 

da,T 

D{a) ^ E{a) 
Hence the maps a (a) give a map of diagrams 

a:D(K)^ E(K) 

which by Theorem 14.41 induces a homotopy equivalence 

hocolim(a) : hoco\im{D (K)) — > hocolim(£'(i^')). 

By naturality, there is a commutative diagram 

hocolim(5(Z)) ''""""^"^ hocolim(E(K)) 



AD) 



■k{E) 



colim(5(K)) ^^H^ colim(E(K)) 
where 7r(D) and t^{E) are the natural projection map. By Theorem 14.11 the maps 

7r(5) : hocolim(i3(Z)) ^ colim(i3(Z)), 

and 

n{E) : hocolim(E(Z)) ^ co\im{E{K)) 
are homotopy equivalences. Thus, the induced map 

colim(a) : co\\ni{D[K)) co\\Ta[E[K)) 
is a homotopy equivalence. 
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By Theorem I4.2[ there is a homotopy equivalance 

co\im{E(K)) ^ V |A(P<p)| * D{p). 
peP 

By definition, there is a homeomorphism 

co\im{D(K)) Z{K; {X,A)). 

Theorem 12.121 follows. 

7. Proof of Theorem 12.191 

Let {Xi, Ai, Xi) denote a triple of CH^-complexes with base-point Xj in Ai for 1 < i < m 
such that all of the Xi and Ai are closed CW-complexes with all X^ contractible. Consider 
the diagram defined next. 

Definition 7.1. Define 

D:K — > CW, 

by 

D{uj) =YiA...AYm, with Yi = 

Observe that there is an induced homotopy equivalence 

hocolim(Z)) ^ colim(Z)) = Z{K; (X, A)) 

by Theorem 14. 1[ 

Define a new diagram as follows. 

Definition 7.2. Define a diagram 

F:K — y CW^ 

by 

for which all maps 
are constant. 



Xi if i & uj 
Ai if i i oj. 



F{uj) 



At'"! ii w = 
* ii w ^ 



du^u.' : F{uj') ^ F{uj) 
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Observe that there is a map of diagrams 

obtained by requiring that -D(0) is sent to -F(0) by the identity, and where every other space 
D{uj) is sent to the base-point by the constant map. Since each Xi is contractible, is 
a homotopy equivalence on each object in the diagram. By Theorem 14.41 or the Homotopy 
Lemma of [17] ( stated there as Lemma 4.6 ) there is a homotopy equivalence 

hocolim(D) hocolim(F). 

Since there is a homotopy equivalence 

hocolim(L)) ^ colim(i)) = Z{K] (X, A)), 

it follows that there are homotopy equivalences 

Z{K] (X, A)) ^ hocolim(I)) ^ hocolim(F). 

Notice that F{uj) = *, unless = 0. In the case = 0, 

A((Z)<0) = \K\, 

or, more precisely, the barycentric subdivision of li^l with 

F(0) =1H. 

Thus, there are homotopy equivalences 

Z{K- {X,A)) ^ |i^| 

Theorem 12.191 follows. 

8. Proof of Theorem 12.211 
The conclusion of Theorem 12.211 is that there is a homotopy equivalence 

j:z{K;{x,a))^j:{\/ 17^/1*^,). 

Observe that this conclusion follows from Theorems 12.101 and 12.191 together with the fact 
that if / < [m] corresponds to a simplex in K, then \Kj\ is contractible. That is, there are 
homotopy equivalences 

E(Z(X;(X,A)))^S( V Z{Kr,{Xj,Aj))^i:i\/ \Kj\*A') 

I<[m] I<[m] 

With S(V,<H \Kj\ * A') = S(V,,^ \Kj\ * A'). 



the polyhedral product functor 32 

9. Proof of Theorem 12.341 

Consider the natural inclusion 

ZiK; (X, A))^XiX ...xXm = 

together with I = {ii, . . . ,it) for 1 < ii < . . . < if < m. Recall the notational convention of 
Definition [23] that = X,^ A A . . . A X^,. Since all Ai are contractible by assumption, 
apply Theorems 12.101 and 12.141 to obtain a homotopy equivalence 

(X,A)))^S(\/^0- 

leK 

By Theorem 12.81 there is a homotopy equivalence 

S(XiX...xX^)^E( Y X^. 

ie[m] 

By naturality, the map 

^{Z{K; (X,A)))^S(XiX...xXj 

is split with cofibre 

Hence there is a split cofibration 

E(\/^')-S( V X^)^S(\/X0. 

leK le[m] I^K 

Next assume that coefficients are taken in a ring R for which either 

(1) -R is a field, 

(2) the cohomology of the with coefficients in R satisfies the strong form of the 
Kiinneth Theorem (with one case given by i? = Z for spaces Xj of finite type with 
torsion free integral cohomology), or 

(3) cohomology is taken in any reduced theory E*{X^) which satisfies the strong form 
of the Kiinneth Theorem. 

Thus the reduced cohomology ff*(X[™l; R) is isomorphic to the direct sum 

©,gH^*(^n; ^) ®---®H*{x,^;R). 

The natural inclusion map T,{Z{K; (X, A))) S(Xi x . . . x X^) induces a map 

^*(X[™];i?) ^ H*{Z{K- {X,A))-R) 
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which corresponds to the projection map 

®ie[m]H*{Xi,;R) ® ■ ■ ■ ® H*{Xi,;R) ®i^KH*{Xi,-R) ® ■ ■ ■ ® H*{Xi,-R) 
with kernel exactly 

®iiKH\Xi,- i?) ® ■ ■ ■ ® H*{Xi,- R). 
The kernel is exactly the Stanley-Reisner ideal I{K) by inspection and Theorem 12 . 341 follows. 

10. Proof of Theorem 12.451 

The first preparatory proof in this section is that of Lemma 12.431 which follows from 
the fact that Z{K] (X, A)) is natural for morphisms with respect to morphisms of pairs, 
(X,A)^(X',^')- 

Proof. The first part of the lemma is to check that 

(1) : Z{K- (X„ A) Z{K; (X, and 

(2) : Z{K- (X„ ^ Z{K- (X, 

So it suffices to check that if (xi, 0:2, . . . , Xm) is in the subset 

Z{K- (X„ AJ)n C (X„(l) X ... X X„(m), 

then 

(1) di{xi,X2, . . . ,,Xm) = {di{xi),di{x2), ■ ■ .,di{xm)) is in Z{K] (X*, AJ)„_i, and 

(2) Sj{xi,X2,. . .,x^) = {sj{xi),Sj{x2),...,Sj{xm)) is in Z{K;{X^, A J) n+i 

Notice that a point {xi, X2, ■ ■ ■ , , Xm) is in Z{K; (X^,^!^,)) C X„(l) x . . . x X„(m) provided 
Xt € An{t) for a & K and t ^ a. But then di{xt) G An-i{t) for t ^ a as v4*(t) is a simplicial 
sub-complex of X*(t) by assumption. Similarly, notice that Sj{xt) is in An+i{t) if and only 
if Xf = djSj{xt) is in A„(t). The lemma follows. □ 

The next proof is that of Theorem I2.45[ 

Proof. Let \ui, Xi\ denote the equivalence class of a point in the geometric realization |X*(i)|. 
The homeomorphism 

r] : |X,(1)| X ... X |X,(m)| ^ |X,(1) x . . . x X,{m)\ 

is induced by ri{\ui,xi\, . . . ,\um,Xm\) = \w, sj^^^xi), . . . , si^{xm)\ for choices of w and sj. 
given in [3ll [31] as well as in the proof of Theorem 11.5 in [32]. Notice that si.{xj) is in 
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A^{j) if and only if xj is in A^{j) by Lemma [2. 431 Thus there is a commutative diagram 

Z{K;{\XU,\AU)) \Z{K;X,,AJ)\ 

X ... X \X,{m)\ X ... X X,(m)| 

as stated in Theorem 12.451 

Since (1) ?7 is a homeomorphism, (2) is a monomorphism, and (3) si^{xj) is in A^{j) if 
and only if Xj is in it follows that /i is a surjection. Since /i is a continuous, bijective, 

open map, it is a homeomorphism and the theorem follows. □ 

11. Connection to Kurosh's theorem 

The purpose of this section is to point out that certain fibrations above involving the poly- 
hedral product functor give natural, useful covering spaces. For example, Ganea's theorem, 
a special case of the Denham-Suciu fibration, implies a statement equivalent to a classi- 
cal theorem within group theory due to A. Kurosh [28]. This section is purely expository 
development of this connection. 

Kurosh's theorem addresses the structure of a free product of discrete groups 

One statement of the theorem is as follows. If G is a subgroup of the free product of discrete 
groups A and B, All B, then G is a free product of the following groups. 

(1) a subgroup of G conjugate in A 11 5 to a subgroup of A, 

(2) a subgroup of G conjugate in A 11 i? to a subgroup of 5, and/or 

(3) a free group. 

The first observation is the following corollary of Kurosh's theorem. 

Proposition 11.1. Let G he a subgroup of the free product All B. Then G surjects to a 
subgroup of A x B with kernel a free group. 

The fibration of Denham-Suciu stated here as Lemma \2 . 301 provides a simple reformulation 
of this corollary by inspection as given next. The homotopy fibre of the inclusion 

X\/Y X xY 

is a generalized moment-angle complex which has the homotopy type of the join 

n{x)*n{Y). 
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Furthermore, the induced map 

W: Vl{X)*Vl{Y) ^X\/Y 

is the Whitehead product 

[Ex, Ey] 

where Ex '■ T,fl{X) ^ X\JY denotes the composite 

with ex the natural evaluation map and with ix the natural inclusion. 

Recall that for two pointed topological spaces U and V , each of the homotopy type of a 
CW-complex, their join U *V has the homotopy type of the suspension 'L{U /\V). This is 
applied next. Consider the case of 

X = K{tt, 1) and Y = K{T, 1) 

for discrete groups vr and T to obtain 

n{X) = K{Tr, 0) and n{Y) = K{T, 0). 

Thus Q{X) * ^{Y) has the homotopy type of 

S((7rxr)/(7r\/r)) 

which is a bouquet of circles one for each pair {{a,j3) G vr x T\a 7^ 7^ 1}. 
The next proposition follows easily. 

Proposition 11.2. The kernel of the natural projection map 

q : ttUT ^ TV xT 

is the fundamental group o/S((7r x T) / \/ T)) , a free group. Furthermore, the Whitehead 
product map W: Q{X)*Q{Y) X\/Y induces the map from 7ri(S((7rx r)/(7r \/ F)) vrllF 
which is an isomorphism onto the kernel of the map givrllF— >7rxF. 

The proof of Proposition 1 11 . 1 1 is given next. Let G be a subgroup of A11B. Project to A 
and to 5, then let the images of G be Ga and Gb respectively. Define the map 

jA-G^AUB 

as the composite 

G ^ Ga'-^ A^-A A]1B 
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where iA and 7^ are natural inclusions. Define 

Jb-.G^AUB 
similarly. Thus the kernel of the natural map 

Ja X Jb -.G ^GaxGb 

is a subgroup of the kernel of 

q: AUB ^ Ax B, 

a free group. 

A standard consequence is recorded next. 

Corollary 11.3. Let 

f:GiU---UGn^H 

be a group homomorphism which when restricted to each Gi is a monomorphism. Then the 
kernel of f is free. 
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